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We disuss the eetive interations between two loalized perturbations in one-dimensional (1D)
quantum liquids. For non-interating fermions, the interations exhibit Friedel osillations, giving
rise to a RKKY-type interation familiar from impurity spins in metals. In the interating ase, at
low energies, a Luttinger liquid desription applies. In the ase of repulsive fermions, the Friedel
osillations of the interating system are replaed, at long distanes, by a universal Casimir-type
interation whih depends only on the sound veloity and deays inversely with the separation.
The Casimir-type interation between loalized perturbations embedded in a fermioni environment
gives rise to a long range oupling between quantum dots in ultraold Fermi gases, opening a
novel alternative to ouple qubits with neutral atoms. We also briey disuss the ase of bosoni
quantum liquids in whih the interation between weak impurities turns out to be short ranged,
deaying exponentially on the sale of the healing length.
I. INTRODUCTION
Interations between loalized defets whih are medi-
ated by the ontinuum they are embedded in, play an im-
portant role in many areas of physis. Typial examples
are the RKKY interation between spins in a Fermi liquid
or the interation between vorties in superuids. In the
present work, we disuss interations between impurities
in 1D quantum liquids. This study is motivated by the
reent realization of strongly interating atomi quan-
tum wires with ultraold gases of both bosoni [1, 2, 3℄
and fermioni atoms [4℄ and the proposal [5℄, that single
atoms in optial traps whih are embedded in a superuid
reservoir allow to realize an atomi analog of a quantum
dot with a tunable oupling to the environment. Suh
quantum dots may be used to store qubits, whih, un-
der ertain onditions, an be ompletely deoupled from
their environment. Arrays of these dots thus appear as
ideal andidates for quantum information proessing. It
is therefore of onsiderable interest to study the indued
interations of suh dots, mediated by the environment
they are embedded in. Similar questions arise also for
quantum dots in solid state realizations, e.g. in arbon
nanotubes [6℄, where the interation is mediated by ele-
trons in the intervening wire.
Quite generally, for both bosons and fermions, the low
energy properties of a gapless 1D quantum liquid are
desribed by the so alled Luttinger liquid (LL) phe-
nomenology [7, 8℄: the eetive theory is a hydrody-
nami energy funtional haraterized by the veloity of
sound u and the Luttinger interation parameter K. In
partiular, for fermions, K = 1 orresponds to the non-
interating ase, while K < 1 for repulsion. For repulsive
bosons, in turn, one hasK > 1, with K →∞ in the limit
of weak interations, where a Gross-Pitaevskii or Bogoli-
ubov approximation applies. As shown by Kane and
Fisher [9℄ (see also [10℄ for a reent disussion), the inter-
ation of a single impurity with a LL depends ruially on
the value of K: for K > 1, the impurity is irrelevant for
the low energy properties. A 1D Bose liquid is therefore
eetively superuid, although there is no true onden-
sate [9, 11℄. For K < 1 the impurity hanges the ground
state of the liquid in a non-perturbative way, eetively
utting it into two disonneted parts. In this ase, we
will see that the indued interation between two impu-
rities is essentially a Casimir-like eet. Indeed, at low
energies, two impurities at distane r dene a box with
reeting boundary onditions for the phonon modes of
the quantum liquid, whih leads to an attrative Casimir
interation energy proportional to u/r with u the sound
veloity. The ase K = 1 is marginal and orresponds
to a non-interating Fermi gas in 1D or - equivalently -,
a system of hard ore bosons, the Tonks-Girardeau gas
[2, 3, 12℄. In the following we will study the interations
mediated by the 1D quantum liquid between two impu-
rities for the various ases, inluding fermions with spin.
We fous our analysis on the ase of stati impurities,
while the situation of a slow time dependene, relevant
for atomi quantum dots, where the interations depend
on the internal states is only disussed qualitatively at
the end of the paper.
II. ONE-DIMENSIONAL FERMIONIC LIQUID
A. Non-interating fermions
Before onsidering the generi situation of impuri-
ties embedded in a sea of interating partiles, we rst
address the marginal ase K = 1 of non-interating
fermions. For simpliity we start from a gas of N non-
interating spinless fermions in the presene of two loal-
ized impurities separated by a distane r. Considering
old gases in atomi quantum wires, the solution of this
problem is not just an aademi exerise. Indeed, sine
fermions in a single hyperne state have no s-wave inter-
2ations due to the Pauli priniple, they realize an ideal
Fermi gas at suiently low temperatures. We assume
that the partiles are ontained in a periodi box of length
L with average density ρ0 ≡ N/L. The (grand anonial)
partition funtion of the liquid at a given temperature T
may be expressed in terms of a funtional integral over
the Grassman elds (ψ¯, ψ) representing the fermions:
Z =
∫
Dψ¯Dψ exp(−SFL − Si). (1)
The orresponding ation of an ideal gas is
SFL =
∫ β
0
dxdτ
[
ψ¯ ∂τψ −
(
1
2m
∇ψ¯∇ψ − µ ψ¯ψ
)]
, (2)
where τ is the imaginary time running from 0 to 1/T = β,
and µ is the hemial potential (we use units suh that
~ = kB = 1). The elds are anti-periodi in imaginary
time. For short range interations, appropriate for old
atoms, the interation of the impurities with the liquid
an be desribed by an additional ontribution
Si =
∫ β
0
dτ
∑
α=1,2
gαψ¯(xα)ψ(xα), (3)
proportional to the loal density at the impurity posi-
tions xα. Here, the index α = 1, 2 labels the impurities,
while the oupling onstants gα desribe the strength of
ollisions between the atoms in the liquid and the im-
purities. The expression for Si is based on assuming an
eetive pseudopotential for the interation between the
impurity and the quantum liquid. More preisely, the in-
teration should be replaed by a spatial integral of the
detailed impurity potential with the mirosopi density
operator of the liquid. In the present setion dealing
with non-interating fermions, there is no need of a high
energy uto, as one an diretly work with the well be-
haved mirosopi theory. However, in order to disuss
the low energy behavior and to make ontat with the
following setions dealing with interating fermions us-
ing the Luttinger liquid phenomenology, we introdue
a high energy uto ωc. Its value an be estimated as
ωc ∼ Min{u/l0, µ}, where u is the harateristi velo-
ity of exitations (u = vF in an ideal Fermi gas), l0 is
the impurity size and µ = p2F /2m is the hemial poten-
tial (at zero temperature) with pF = mvF ≡ πρ0, the
Fermi momentum. As will beome lear from our results
below, the oupling onstants gα are then - up to a fa-
tor vF - idential with the dimensionless baksattering
amplitudes f1,2(π) for fermions at the impurities. Miro-
sopially, they are thus determined by the solution of
the single partile sattering problem o a single impu-
rity. In pratie, an appreiable value of the baksatter-
ing amplitude requires the impurity size to be smaller or
of the order of the interpartile spaing, sine otherwise
the Fourier omponent of the potential at 2pF is lose
to zero, and hene the dimensionless oupling onstants
γα ≡ gα/vF vanish. Therefore, in the following, we will
take ωc ∼ µ.
The Grassman elds (ψ¯, ψ) are free everywhere apart
from the points x = x1,2 and hene an be easily in-
tegrated out by the following standard trik: rst we
formally introdue four δ-funtions into the integrand
Z =
∫
Dψ¯Dψ
∏
α=1,2
Dη¯αDηα δ[ψ(xα, τ) − ηα(τ)]
× δ[ψ¯(xα, τ) − η¯α(τ)] e−SFL−Si , (4)
where (η¯α, ηα) are the new Grassman variables desribing
the fermions at the loation of the individual impurities.
Then we introdue a set of auxiliary elds (κ¯α, κα) us-
ing the identity δ(f) ∼ ∫ Dκ exp(i ∫ κfdτ) to rise the
δ-funtions into the ation. Finally, we integrate out the
fermioni elds (ψ¯, ψ), whih appear only quadratially,
by Fourier transformation:
Z = Z0FL
∫ ∏
α=1,2
Dη¯αDηαDκ¯αDκαe
−S′−Si(η¯,η), (5)
where
Si(η¯, η) =
∫ β
0
dτ
∑
α=1,2
gαη¯αηα, (6)
and
S′ =
L
β
∑
n
∫
dp
2π
∑
α,β κ¯ακβe
ip(xα−xβ)
−iωn + ξp
− i
∑
α,n
(καηα + κ¯αη¯α), (7)
where ξp = p
2/2m − µ, and the summation is over the
fermioni Matsubara frequenies ωn. The trivial prefa-
tor Z0FL arises from the integration over the fermioni
elds in the absene of impurities, giving the grand par-
tition funtion of the homogeneous liquid. The elds
(κ¯α, κα) depend only on imaginary time τ , or frequeny
ωn in the Fourier representation and thus the integral
over p an be easily alulated. Sine for a suiently
large separation |x1 − x2| = r ≫ p−1F , the interation en-
ergy is small, the relevant frequenies are small ompared
to the Fermi energy ωc ∼ µ ∼ vF pF . An expansion to
leading order in ωn ≪ µ then gives
S′ = − iL
βvF
∑
n
∑
α,α′
snκ¯ακα′e
ipF |xα−xα′ |sn
× e−|ωn|(1−δα,α′)/ωr − i
∑
α,n
(καηα + κ¯αη¯α), (8)
where ωr ≡ u/r ≪ µ and sn ≡ sign(ωn). The hara-
teristi frequeny ωr will play an important role in our
subsequent disussions. Physially it represents the in-
verse ight time for a harateristi exitation in the liq-
uid between the loations of the two impurities, whih
naturally obeys the inequality ωr ≪ ωc provided the im-
purities are muh further apart than the average distane
3between two fermions in the liquid. It is also the quanti-
zation energy between the two impurities. In order to ob-
tain the impurity interation diretly from the partition
funtion, we integrate out the auxiliary elds (κ¯α, κα).
This results in an ation
S′(η¯, η) =
βvF
iL
∑
n
(η¯1, η¯2)
(
fn −fnen
−fnen fn
)(
η1
η2
)
,
(9)
whih only depends on the four time dependent Grass-
man elds (η¯α, ηα) whih desribe the Fermi eld at the
impurity positions. The oeients fn and en are dened
by
fn ≡ sn
1− e2n
, en ≡ eisnpF r−|ωn|/ωr . (10)
Inluding the ontribution (3) due to the interation be-
tween the impurities and the liquid, the omplete expres-
sion for the statistial sum (1) an now be written as
Z = Z0FLZκ
∫ ∏
α=1,2
Dη¯αDηαe
−S′−Si , (11)
where Zκ omes from the integration of the auxiliary
elds:
Zκ =
∏
n
(
iL
βvF
)2
(1− e2n). (12)
The total eetive ation S′+Si is quadrati in the Grass-
man elds (η¯α, ηα) and thus the integration an be done
exatly to yield Z = Z0FLZκZη, with
Zη =
∏
n
(
βvF
iL
)2 [
(fn + iγ1)(fn + iγ2)− (fnen)2
]
.
(13)
Here, the γα = gα/vF are the dimensionless baksat-
tering amplitudes, haraterizing the interation of the
impurities and the liquid. We an now obtain the free
energy of the 1D Fermi gas in the presene of the impu-
rities from F = − logZ/β as follows
F =F 0 − 1
β
∑
n
log{(1− e2n)
× [(fn + iγ1)(fn + iγ2)− (fnen)2]}, (14)
where F 0 = − logZ0FL/β is the free energy of the undis-
turbed, homogeneous liquid. The expression (14) is ill
dened as it stands, sine it ontains both the energy of
zero-point utuations in the gas, as well as the formally
divergent self-energies of the separate impurities. The
relevant interation energy assoiated with a hange of
the separation of the two impurities is given by:
V12 ≡ F (γα, r)− F (0, r)− [F (γα,∞)− F (0,∞)]
= F (γα, r)− F (γα,∞). (15)
The renormalization thus requires subtrating rst the
free energy of the liquid without the impurities (γα = 0,
vauum energy) and then the free energy of the system
when the impurities are very far apart (r → ∞, self-
energy of the impurities). While both the vauum energy
and the individual self-energies are innite in the absene
of a uto, the renormalized interation (15) is nite and
independent of the uto (see also the disussion below
in setion III A).
At low temperature T ≪ ωr we an swith from sum-
mation to integration aording to dω = 2πTdn, so that
the eetive interation energy between the impurities
an be expressed as:
V12 = −
∫ ∞
0
dω
π
log
∣∣∣∣1 + γ1γ2e
−2ω/ωr+2ipF r
1 + i(γ1 + γ2)− γ1γ2
∣∣∣∣ . (16)
The integral an be performed analytially to yield our
nal result for the impurity interation at T = 0:
V12 =
vF
2πr
ℜLi2
(
− γ1γ2e
2ipF r
1 + i(γ1 + γ2)− γ1γ2
)
, (17)
where Li2 is the di-logarithmi funtion [13℄ and ℜ is
the real part. Obviously the interation quite generally
falls o very slowly like 1/r with an amplitude, whih
is a stritly periodi funtion. Its period π/pF = ρ
−1
0
is equal to the average inter-partile distane. This is
a harateristi property of degenerate fermions, essen-
tially reeting the well known Friedel osillations of the
density (see below). Trivially, the interation vanishes, if
one of the sattering amplitudes γ1,2 is zero.
A simple expression for the renormalized interation
energy V12 is obtained in two limiting ases. First, if
the interation of the impurities with the liquid is weak
γα ≪ 1, we an expand the di-logarithm in Eq. (17) to
obtain:
V12 = −γ1γ2 vF
2πr
cos(2pF r) . (18)
In the limit of strong impurities γα ≫ 1, we nd in turn
the result
V12 =
vF
2πr
ℜLi2
(
ei2pF r
)
, (19)
whih is ompletely independent of the sattering ampli-
tudes. In this ase, the interation energy V12 an be rep-
resented as V12 =
vF
2pirf(2pFr), where f(x) ≡ ℜLi2(eix) is
a periodi funtion bounded as follows fmin ≤ f ≤ fmax
where:
fmax,min = Li2(±1) = π
2
6
,−π
2
12
. (20)
A simple way of understanding the slow 1/r-deay and
the osillations with period π/pF may be obtained in
the weak sattering limit Eq. (18). Indeed, the density
perturbation reated by a single impurity of strength γ1
at position x1 is asymptotially given by:
ρ1(x) ≈ ρ0 − γ1
2
cos(2pF |x− x1|)
2π|x− x1| . (21)
4This expression for the Friedel osillations in a spin-
less 1D non-interating Fermi gas is valid in the limit
where γ1 ≪ 1 and |x − x1| ≫ ρ−10 [14℄. Sine the
impurities ouple to the loal density, the interation
energy (exluding self-energies) of the system of two
weak impurities is simply obtained from U12(γα, r) =
g2ρ1(x2) + g1ρ2(x1) where γα ≪ 1. When renormalized
V12 = U12(γα, r) − U12(γα,∞), this interation energy
oinides with Eq. (18). Alternatively, the result may be
derived by using the random-phase approximation (RPA)
as shown in the Appendix A.
The analysis in this setion is readily generalized to the
ase of a Fermi gas with spin. In fat for non-magneti
impurities, suh as onsidered in the urrent artile, the
two spin modes are deoupled and therefore the energy
due to the presene of the two impurities is simply mul-
tiplied by a fator of two.
It should be emphasized that the alulation above,
an be immediately extended to the ase of noninterat-
ing fermions in two or three dimensions d = 2, 3, giving
rise to an interation energy for weak oupling of the form
V12 ∼ f1(π)f2(π) pF vF
(pF r)d
cos(2pF r) , (22)
where fα(π) are the dimensionless baksattering ampli-
tudes of the impurities. This result follows most simply
by onsidering the density utuations δρ1(~x) indued
by a single impurity at position ~x1. As disussed, e.g., in
Ref. [15℄ they exhibit Friedel osillations proportional to
the dimensionless baksattering amplitude f1(π) at the
Fermi energy. The resulting interation energy is then
simply given by V12 ∝ f2(π)δρ1(~x2). In fat, this is a
speial ase of a general result [16℄, that the asymptoti
interation between two impurities is determined by the
produt of their baksattering amplitudes. In the pres-
ene of short range repulsive interations between the
fermions, we expet that the result (22) remains quali-
tatively orret in the ase of two and three dimensions.
This is based on the existene of a Fermi liquid desrip-
tion in d = 2, 3, whih guarantees that the low energy
properties are qualitatively unhanged from those of a
Fermi gas. For example, assuming that the stati den-
sity response funtion at 2pF is given by the partile-
hole bubble [17℄, the renormalization fator Z < 1 in the
single-partile Green funtion will give rise to a Fermi
liquid orretion fator Z2 in V12. This argument, how-
ever, neglets possible vertex orretions in the density
response whih may lead to an enhanement rather than
a suppression of the amplitude of the Friedel osillations.
In fat this eetively happens in the one-dimensional
ase, where the vanishing Z -fator gives rise to Friedel
osillations, whih deay more slowly than in the nonin-
terating ase (see below). While we are not aware of
a quantitative alulation of the 2pF -density response in
Fermi-liquids, it is very likely that they will give rise only
to nite, multipliative orretions to Eq. (22). As we
will see below, however, the situation in one dimension
is quite dierent from that in d = 2, 3 in the sense, that
even qualitatively the asymptoti form of the interation
is not given by the Friedel osillation piture, even for
very weak impurities.
Finally, we mention a reent work dealing with neutron
matter. Bulga et al. [18℄ onsider a neutron star rust,
whih is modeled as a degenerate non-interating neutron
gas (i.e. an ideal 3D Fermi gas) ontaining various kinds
of defets or inhomogeneities (suh as nulei or bubbles)
immersed in it. These authors ompute the interation
energy between two defets resulting from the quantum
utuations of the Fermi sea of neutrons. They obtain
expressions similar to Eq. (22), whih an be interpreted
as RKKY-like interations between defets. In addition,
they disuss the inuene of the shape of the defets and
onsider situations with more than two defets.
B. Spinless Fermi Luttinger liquid
Realisti Fermi systems onsist of interating partiles.
In three and also in two dimensions, it is possible to de-
sribe even strong interations by Landau's Fermi liquid
theory. As is well known, however, this onept fails in
one dimension. Here we onsider fermions with repulsive
short-range interation. At low-energy suh a system ex-
hibits a gapless exitation spetrum with a linear disper-
sion, harateristi for the universality lass of Luttinger
liquids (LL) [7, 8, 19℄.
For simpliity, we start by onsidering spinless
fermions, for whih the low-energy desription is given
by the following hydrodynami ation:
SLL =
1
2πK
∫
dxdτ
[
u(∂xθ)
2 +
1
u
(∂τθ)
2
]
. (23)
Here u is the sound veloity and K the Luttinger param-
eter. In a translationally invariant system, they obey the
relation uK = vF [8℄, with vF = pF /m = πρ0/m the
Fermi veloity of the assoiated non interating spinless
Fermi gas. We onsider repulsive interations for whih
K < 1. Sine the Luttinger liquid desription only ap-
plies at low energies, the elds have to be uto at energy
ωc ∼ µ, where µ is the hemial potential. The assoiated
uto length a ≡ u/ωc is of order 1/ρ0. Of ourse, for a
quantitative alulation of the sale at whih the low en-
ergy desription applies, a mirosopi model is needed,
whih allows to determine nonuniversal properties. For
single impurities in Luttinger liquids this problem has
only reently been disussed, see [20℄. Sine we are on-
erned with the interation at distanes muh longer that
the average interpartile separation, only the low energy
properties are relevant, whih are well desribed by the
hydrodynami ation (23). The orresponding eld θ is
related to the density of the liquid by
ρ(x) ≈
(
ρ0 +
∂xθ
π
)
[1 + 2 cos(2θ + 2pFx)] , (24)
5where ρ0 is the equilibrium density and only the rst
harmonis are taken into aount [8, 9℄.
The interation between the impurities and the Lut-
tinger liquid is taken to be of the form
Si =
∫ β
0
dτ
∑
α=1,2
g˜αρ(xα) , (25)
i.e. a oupling to the loal density with phenomeno-
logial sattering amplitudes g˜α. Inserting the expan-
sion (24) into this interation, gives rise to four dier-
ent terms. The rst term is just the onstant Hartree
self-energy of the impurities, whih - of ourse - does not
ontribute to the renormalized interation energy V12. In
addition, there are terms ontaining ∂xθ due to forward
sattering. They desribe quantum orretions to the
self energies but again are irrelevant for the interation
V12 between two widely separated impurities. The dom-
inant term for this interation is the ontribution pro-
portional to cos(2θ + 2pFx), whih is due to bakward
sattering. In addition there are higher order terms like
∂xθ cos(2θ+2pFx), however these are less relevant in the
renormalization group (RG) sense [21℄. Taking only the
most relevant part of the interation, the oupling be-
tween the impurities and the LL leads to the following
nonlinear ontribution to the ation
Si[Θ] ≈
∫ β
0
dτ
∑
α=1,2
2g˜αρ0 cos[2
√
πKΘ(xα) + 2pFxα] ,
(26)
where we introdued the renormalized eld Θ by θ =
Θ
√
πK. The omplete statistial sum of the system an
again be represented by a funtional integral. To perform
the integration over the eld Θ we use the same approah
as for the ideal Fermi gas: rst we introdue the new vari-
ables Θ(x1, τ) = Θ1(τ) and Θ(x2, τ) = Θ2(τ) and then
insert the two δ-funtions into the funtional integral:
Z =
∫
DΘ
∏
α=1,2
DΘαδ[Θ(xα)−Θα]e−SLL−Si . (27)
We then transform the δ funtions into the funtional
integrals over auxiliary elds and perform the Gaussian
integration
Z = Z0LLZκ
∫
DΘ1DΘ2e
−Seff−Si[Θα] , (28)
where the eetive ation for the real elds Θ1,2 is
Seff =
∑
n
(Θ1,−n,Θ2,−n)
(
fn −fnen
−fnen fn
)(
Θ1,n
Θ2,n
)
,
(29)
with the summation ourring over the bosoni Mat-
subara frequenies ωn, where fn ≡ β|ωn|/(1 − e2n) and
en ≡ e−|ωn|/ωr with ωr ≡ u/r. The fator Z0LL omes
from the integration over Θ(x, τ) and is independent of
the impurities, desribing the homogeneous Luttinger liq-
uid. By ontrast, the fator
Zκ =
∏
n
(
1− e2n
)−1/2
. (30)
whih omes from the integration over the auxiliary
elds, desribes the hange in the phonon modes due to
the onstraint on the Fermi elds at the positions of the
two impurities. Similar to the noninterating situation,
this ontribution depends on the assoiated harateristi
frequeny ωr and is ruial in obtaining a nite intera-
tion energy V12 whih is independent of the uto.
The remaining and now non-trivial funtional integral
over the time-dependent elds Θα is of the same form
as the one whih appears in the ontext of quantum
Brownian motion in a periodi potential [22℄. Indeed
the eetive ation (29) basially desribes two quantum
partiles subjet to ohmi dissipation of dimensionless
strength 1/K whih move in a periodi potential gen-
erated by the baksattering amplitude. As has been
shown in [22℄ this problem leads to a loalized ground
state if 1/K > 1 with small utuations in the eld
Θ. For a quantum liquid with suiently strong intera-
tions between the fermions K ≪ 1 and strong impurities
γ˜α ≡ g˜α/vF ≫ 1, the funtional integral (28) over the
time-dependent elds Θα an thus be alulated using
the stationary phase approximation (SPA): expanding
the funtions cos(2
√
πKΘα + 2pFxα) from Eq. (26) to
seond order in the elds around one of its minimum, we
approximate the interation Lagrangian in the form
S˜i =
∫ β
0
dτ
∑
α=1,2
EαΘ
2
α , (31)
where Eα = 4πKg˜αρ0. Physially this means that the in-
teration between eah of the impurities and the liquid is
suiently strong to pin the loal phase Θ near the value
minimizing the potential energy. The quantities Eα play
the role of eetive frequenies for the evolution of the
elds Θα. The approximation of the original Lagrangian
(26) by the quadrati form (31) is equivalent to an adi-
abati approximation whih desribes physial proesses
ourring slower than a time sale given by E−1α . As the
typial frequeny of interest is ωr, the stationary phase
approximation is valid when Eα ≫ ωr. It is thus appli-
able in the ase of strong impurities or - equivalently -
long distanes (see below) in a strongly repulsive liquid:
rρ0γ˜α ≫ 1/K2 ≫ 1.
Within the quadrati approximation (31), the full ef-
fetive ation in Eq. (28) is quadrati in Θα and hene
an be evaluated exatly Z = Z0LLZκZΘ, where:
ZΘ =
∏
n
[
(fn + βE1)(fn + βE2)− (fnen)2
]−1/2
. (32)
6The assoiated free energy F = − logZ/β is given by
F =F 0 +
1
2β
∑
n
log{(1− e2n)
× [(fn + βE1)(fn + βE2)− (fnen)2]} , (33)
where F 0 = − logZ0LL/β again desribes the undis-
turbed, homogeneous liquid. From the free energy we
obtain the renormalized interation energy between the
two impurities V12 in preisely the same manner as in
Eq. (15):
V12 =
1
β
∑
n>0
log
(
1− E1E2e
−2ωn/ωr
ω2n + ωn(E1 + E2) + E1E2
)
.
(34)
At suiently low temperatures T ≪ ωr, the summation
may be replaed by an integral over the real frequeny
ω:
V12 =
1
2π
∫ ∞
0
dω log
(
1− E1E2e
−2ω/ωr
ω2 + ω(E1 + E2) + E1E2
)
.
(35)
In the limit of long distanes (or strong impurities), i.e.
Eα ≫ ωr, the integral onverges at ω ∼ ωr and hene
ω2 ≪ ωEα ≪ E2α. For suiently large separations, we
thus obtain the simple universal interation
V12 =
u
2πr
∫ ∞
0
dy log(1− e−2y) = − π
24
u
r
, (36)
whih deays inversely with distane. The short distane
regime, where Eα ≪ ωr, an, however, not be onsidered
within the stationary phase approximation (31). Indeed,
the latter is only justied if the harateristi energy sale
ω . ωr of exitations involved in the interation does not
exeed the eetive frequenies, i.e. if Eα ≫ ωr. As a
result, for intermediate and short distanes, the intera-
tion energy V12 does not follow a simple 1/r -behavior.
In partiular, it is impossible to desribe the limit r → 0
without properly inluding a uto or working in a mi-
rosopi model from the beginning. It is only within
suh a more omplete alulation, that the full energy
F (γ˜α, r)−F (0, r) of the two impurity problem approahes
the self energy of the doubled single impurity ase, as ex-
peted on physial grounds. For a single salar eld in
1D, as desribed by our hydrodynami ation (23), this
alulation has reently been done by Jae [23℄.
The validity of the quadrati expansion (31) may be
extended to the whole relevant range K < 1 of the Lut-
tinger parameter with the help of the self-onsistent har-
moni approximation (SCHA) [22, 24℄. In the ontext
of Friedel osillations around a single impurity in a Lut-
tinger liquid, this has been used by Egger and Grabert
[25℄. It is based on making a quadrati approximation
(31) for the baksattering term, however with frequen-
ies Eα whih are determined from Feynman's variational
priniple. Using Eq. (31) as the trial ation, one has to
minimize the free energy
Fvar = − 1
β
log Z˜ +
1
β
〈S − S˜〉S˜ , (37)
where S = Seff + Si and S˜ = Seff + S˜i. Taking Eα as
variational parameters, we obtain
Eα
4πKg˜αρ0
=
(
1 +
ωc
Eα
)−K
, (38)
where ωc is the high-energy uto. Following [25℄, we
dene the rossover sale r0 by Eα ≡ u/r0 when both
impurities have approximatively the same strength γ˜1 ≈
γ˜2 ≈ γ˜. The SCHA is a good approximation when K < 1
and Eα ≫ ωr, i.e. at long distanes r > r0.
In the limit of strong impurities γ˜α ≫ 1, the SCHA
frequenies Eα ≈ 4πKg˜αρ0 are the same as those ob-
tained within the stationary phase approximation and
the rossover sale is given by r0ρ0 ∼ 1/K2γ˜. In the
opposite limit γ˜α ≪ 1, they are given by
Eα ≈ 4πKg˜αρ0
(
4πKg˜αρ0
ωc
) K
1−K
(39)
and the rossover sale is
r0ρ0 ∼ (K2γ˜)−1/(1−K)(ρ0a)−K/(1−K) , (40)
where ρ0a ∼ 1 for repulsive fermions. Note the singu-
lar behavior of the rossover sale r0 → ∞ in the limit
K → 1 of non-interating fermions. This implies that the
regime of validity of the SCHA is moved out to extremely
long sales r0. Quite generally, therefore, the long dis-
tane behavior r ≫ r0 of the interation energy is al-
ways given by the Casimir like expression (36) whenever
K < 1. The sale, however, beyond whih this simple
result applies, strongly depends on the strength of the
baksattering amplitude and the repulsive interation.
In order to study the limit of weak impurities and weak
interations (γ˜α ≪ 1 andK < 1 lose to 1) in more detail,
we use perturbation theory. At seond order in γ˜α, and
when r≫ ρ−10 , we nd
V12 = −γ˜1γ˜2(ρ0aπ)2
( r
a
)2(1−K) vF
2πr
cos(2pF r)h(K) ,
(41)
where h(K) ≡ K√
pi
Γ(K−1/2)
Γ(K) and Γ(z) is the Gamma fun-
tion. The funtion h(K) diverges as K → 1/2 and ap-
proahes one at K = 1. The above equation was ob-
tained under the assumption that 1/2 < K < 1. When
K = 1, it reprodues exatly Eq. (18) obtained for
the non-interating Fermi gas, provided that we hoose
the following relation between the mirosopi and phe-
nomenologial impurity strengths γα = γ˜αρ0aπ. Pertur-
bation theory breaks down when, in order of magnitude,
the interation energy (41) reahes the strong impurity
(or long distanes) result (36): |V12| ∼ ωr. This ours
for rρ0 ∼ γ˜−1/(1−K)(ρ0a)−K/(1−K), in agreement with
Eq. (40), beause 1/2 < K < 1. Therefore, the per-
turbative result (41) is valid for intermediate distanes
ρ−10 ≪ r ≪ r0. At long distanes r ≫ r0 it is replaed
by the Casimir-type result (36).
7Finally, it is worth mentioning that the presene of two
impurities implies the possibility of a tunneling resonane
[9, 26℄. The physis of suh a resonane is, however, not
aptured by the SCHA. This issue will be disussed in
more detail in the Appendix B.
C. Spin-1/2 Fermi Luttinger liquid
In this setion we generalize the above analysis by in-
luding the spin degree of freedom, again using a Lut-
tinger liquid desription.
We onsider N fermions in an equal mixture of spin up
and spin down omponents, i.e., N↑ = N↓ = N/2. Here
the (non-interating) Fermi veloity is vF = pF /m =
πρ0/2m with ρ0 = N/L. Taking spin into aount the
Eulidean ation of the Luttinger liquid is generalized to
SLL[θµ] =
∑
µ=ρ,σ
1
2πKµ
∫
dxdτ
[
uµ(∂xθµ)
2 +
1
uµ
(∂τθµ)
2
]
,
(42)
where [θµ] is an abbreviation for [θρ, θσ]. This orre-
sponds to the usual harge θρ and spin θσ elds that
are linear ombinations of the spin up and down elds:
θρ/σ =
1√
2
(θ↑ ± θ↓). The Luttinger liquid parameters
obey the relation Kρuρ = vF and in addition
K ≡ Kρ < 1 and Kσ = 1, (43)
where the rst equation omes from onsidering repulsive
interations and the seond from the SU(2) symmetry of
the model with spin-independent interations [19℄. In
addition K > 1/2 when onsidering ontat interations
between fermions, see e.g. [27℄. The ation term that
desribes the interation with the impurities is still given
by Eq. (25) where the density is now simply the sum of
the densities of the two spin modes that have the same
form as Eq. (24). As stated in the previous setion we
only keep the most relevant term, whih orresponds to
baksattering by the impurity, and hene obtain:
Si[θµ] =
∑
α=1,2
2g˜αρ0
∫ β
0
dτ cos[
√
2θρ(xα) + 2pFxα]
× cos[
√
2θσ(xα)] . (44)
Now we follow the same proedure as in previous se-
tions and obtain
Z = Z0LLZκ
∫ ∏
α=1,2
∏
µ=ρ,σ
DΘµα e
−Seff [Θµα]−Si[Θµα] ,
(45)
where we have resaled the elds at the impurity posi-
tions by θµα =
√
πKµΘµα. The eetive ation Seff is
given by
Seff [Θµα] =
∑
n
∑
µ,α,δ
Iµαδ Θµα,−nΘµδ,n , (46)
where the n refers to the Matsubara frequenies ωn and
Iµαδ are the elements of the matrix
Iµ = fµn
(
1 −eµn
−eµn 1
)
, (47)
with fµn = β|ωn|/(1 − e2µn), eµn = e−|ωn|/ωµ , and ωµ =
uµ/r.
In order to alulate the partition funtion, we again
use the stationary phase approximation, whih orre-
sponds to expanding Si around its minima to seond or-
der in the elds, assuming that the impurities are strong,
i.e. γ˜α = g˜α/vF ≫ 1. The nonlinear ation Si is thus
replaed by a quadrati approximation
S˜i = β
∑
µα
∑
n
Eµα|Θµα,n|2 , (48)
where Eµα = 2πKµ g˜αρ0.
Sine the harge and spin elds are now ompletely
deoupled, we have Z˜ = ZρZσ, with:
Zµ =
∏
n
[
(fµn + βEµ1) (fµn + βEµ2)− (fµneµn)2
]−1/2
.
(49)
The total free energy F = Fρ + Fσ is then simply the
sum of the harge and spin ontribution.
After renormalization the free energy is given by:
V12 =
1
β
∑
µ
∑
n>0
log
[
1− Eµ1Eµ2 e
−2ωn/ωµ
(ω2n + Eµ1)(ω
2
n + Eµ2)
]
.
(50)
At low temperature T ≪ ωµ we an again replae the
sum over Matsubara frequenies by an integral. In the
limit of strong impurities ωµ ≪ Eµa we obtain
V12 =
∑
µ
uµ
∫ ∞
0
dy
2π
log(1−e−2y) = − π
24
uρ + uσ
r
. (51)
This is the straightforward generalization for spin 1/2
fermions of the result obtained in the previous setion,
see Eq. (36). As disussed there, the SPA is valid only if
ωµ ≪ Eµa. Hene we are unable to alulate the inter-
ation at shorter distanes, where ωµ ≫ Eµa.
As in the ase of spinless fermions, we an go beyond
the SPA regime, using the SCHA. In partiular we use
S = Seff + Si and S˜ = Seff + S˜i in Eq. (37); and then
we minimize Fvar with respet to Eµa. In the ase of
idential impurities, i.e. γ˜1 = γ˜2 = γ˜, the values of Eµα
that minimize Fvar are suh that Eµ1 = Eµ2 = Eµ =
πKµE. For large distanes, i.e., for ωµ ≪ Eµ, the SCHA
is valid and E is given by
E = 2g˜ρ0
(
1 +
ωc
πKE
)−K/2 (
1 +
ωc
πKE
)−1/2
, (52)
where ωc is the high energy uto. As in the spinless ase,
we an dene the rossover sale as r0 = max(uµ/Eµ) =
vF /πK
2E, sine K < 1. In the limit of very strong
8impurity baksattering Eµ ≫ ωc, we reover the SPA
result, i.e. Eµ = 2πKµg˜ρ0, and the rossover sale is
r0ρ0 ∼ 1/K2γ˜. For intermediate impurity strength ωµ ≪
Eµ ≪ ωc, we obtain
Eρ = Eσ/K = 2πg˜ρ0K
1
1−K
(
2πg˜ρ0
ωc
) 1+K
1−K
, (53)
and the rossover sale in this ase is given by
ρ0r0 ∼ γ˜−
2
1−KK−
3
1−K (aρ0)
− 1+K
1−K , (54)
where a ≡ vF /Kωc is the short distane uto and
aρ0 ∼ 1. Note that, as in the spinless ase, the rossover
sale diverges r0 → ∞ when K → 1. For weak intera-
tions, therefore, the result (51) is only valid at very large
distanes.
The regime of weak impurity strength an be studied
using perturbation theory. At seond order in γ˜α, we nd
V12 = −γ˜1γ˜2(ρ0aπ)2
( r
a
)1−K vF
πr
cos(2pF r)h(K) , (55)
where h(K) ≡ KK Γ(K/2)√
piΓ(K+1
2
) 2
F1
(
K
2 ,
K
2 ;
K+1
2 ; 1−K2
)
and 2F1 is the hypergeometri funtion [28℄. The fun-
tion h(K) is a smooth, monotonially dereasing funtion
of K whih diverges like h(K) ∼ 2/πK as K → 0 and
approahes one at K = 1. When K = 1, the preeding
result reprodues exatly Eq. (18) (with an extra fator
of two due to the spin degeneray) obtained for the non-
interating (spinless) Fermi gas, provided that we hoose
the following relation between the mirosopi and phe-
nomenologial impurity oupling onstants γα = γ˜αρ0aπ.
The perturbative result (55) is valid for r ≪ r0, with r0
given in Eq. (54). At the rossover sale r = r0 and for
K . 1, |V12| ∼ ωr as in Eq. (51). In onlusion, therefore,
the interation between two impurities follows the behav-
ior given by Eq. (55) only for intermediate distanes and
weak interations. By ontrast, for large distanes, there
is a rossover to the universal Casimir-type interation
Eq. (51) whih depends only on the veloities uρ and uσ.
D. Disussion
As our main result, we have shown that for separa-
tions muh larger than the interpartile spaing, the in-
teration energy of two impurities in a Luttinger liquid
of repulsive fermions (K < 1) is a Casimir-type intera-
tion, given by a very simple universal relation, Eq. (36)
(resp. Eq. (51)) for spinless (resp. spin 1/2) fermions. In
ontrast to the result Eq. (19) obtained for strong impu-
rities in a non-interating Fermi gas it does not ontain
Friedel osillations and is independent of both the im-
purity strengths and the interation parameter K. The
physial origin of this long range fore is thus quite dif-
ferent from the K = 1 ase. In the non-interating gas,
the long range fore omes from the polarization of the
ground state. In the strongly interating ase, the Friedel
osillations of the ground state density around eah of the
independent impurity still exist [25℄ but they are not rel-
evant for the impurity interation at long distanes. In-
stead the result Eq. (36) is best understood as being the
Casimir interation energy of two mirrors, i.e. impene-
trable impurities, in a phononi bath [29℄. This interpre-
tation is supported by the diret alulation of the inter-
ation energy of two mirrors in the vauum utuations
of a 1D salar eld whih represents the density modes
of the intervening quantum liquid, see, e.g., Ref. [30℄. In
fat, a similar result has previously been found for the
fore between two innite mass beads on a string [31℄.
The Friedel osillations are relevant for the interation
between two impurities only in the non-interating ase
or at intermediate distanes in the interating Luttinger
liquid (K < 1), see Eq. (41) and (55).
The resulting piture is onsistent with the RG alu-
lation of Kane and Fisher for a single impurity [9℄: when
K < 1 and γ˜ > 0, the baksattering amplitude is renor-
malized to strong oupling in the low energy (or long
distane r ≫ r0) limit. The liquid is thus eetively ut
into piees, with the impurities ating like perfet mir-
rors for the aousti modes, resulting in a Casimir fore
between them. The sale on whih the impurities ow
to strong oupling depends on: i) the initial strength of
the impurities γ˜ and ii) the ow veloity given by 1−K,
see below. When the impurities are strong and the liq-
uid is strongly interating, the impurities ow quikly to
strong oupling. The assoiated rossover sale r0 is thus
of the order of the interpartile distane. By ontrast,
when the impurities are weak and the liquid is almost
non-interating, it takes very long distanes to reah the
asymptoti regime. Qualitatively, the rossover sale r0
for two weak impurities an already be obtained from the
saling theory for a single impurity. Indeed, the pertur-
bative ow equation of Kane and Fisher [9℄ gives as the
running impurity strength:
γ˜eff ≈ γ˜(r/a)1−K . (56)
For spin 1/2 fermions, the preeding equation holds pro-
vided that the exponent 1−K is replaed by (1−K)/2.
The rossover sale r0 then orresponds to the distane
at whih the running impurity strength γ˜eff beomes of
order one, i.e. r0ρ0 ∼ γ˜−1/(1−K), in agreement with
Eq. (40), beause ρ0a ∼ 1 and 1/2 < K < 1 for repulsive
fermions with ontat interations. For longer distanes,
the impurity reahes strong oupling and uts the liquid
into disonneted piees.
III. ONE-DIMENSIONAL BOSE LIQUID
In this setion, we disuss the ase of two idential
impurities gδ(xα) in a one-dimensional Bose liquid. In
partiular, we onsider 1D bosons with short range re-
pulsive interations gBδ(x). As was rst shown by Lieb
and Liniger [32℄, the dimensionless interation parameter
9γB ≡ mgB/ρ0 in this problem is inversely proportional
to the density. The strong oupling, Tonks-Girardeau,
limit γB ≫ 1 is thus reahed either for strong repulsion
or at low densities. Within a low-energy eetive Lut-
tinger liquid desription, the Luttinger parameter K for
interating bosons is larger than 1. It is related to the
sound veloity u by u = πρ0/mK. In the weakly in-
terating, Gross-Pitaevskii limit γB ≪ 1, the Luttinger
parameter diverges like K ≈ π/√γB → ∞. For strong
oupling γB ≫ 1 in turn, one nds K ≈ 1 + 4/γB → 1.
The singular ase of non-interating bosons (γB = 0) is
disussed separately in Appendix C.
A. Classial ground state energy and vauum
utuations
Before starting the expliit alulation of the renor-
malized impurity interation energy V12(r) in the ase
of bosons, we disuss a limitation of our quantum hy-
drodynami approah when treating the Bose ase. We
will shortly see, why this limitation was not disussed
in the ontext of fermions. In quantum hydrodynamis,
the ground state energy E0 is obtained as the sum of
two terms: the lassial ground state energy Ecl.0 and the
quantum vauum utuations Eq.fl.0 , see e.g. Ref. [33℄.
The lassial ground state energy Ecl.0 [ρ0(x)] is a fun-
tional of the density prole ρ0(x). Now, the presene
of impurities or boundaries in a quantum liquid modies
the density prole ρ0(x) over distanes of the order of the
healing length ξ ≡ 1/√mµ. This in turns modies the
lassial ground state energy in addition to the hange
in the quantum vauum utuations, whih are responsi-
ble for the Casimir-type interation energy. In the LL
approah, the lassial ground state energy is usually
negleted and only the utuations above the lassial
ground state are taken into aount. In a homogeneous
system, the lassial ground state energy is just a on-
stant in the Hamiltonian and an therefore be safely ig-
nored. Provided that the healing length is muh smaller
than the system size, the eet of the boundaries disap-
pears for bulk properties. In fermioni quantum liquids,
the healing length is of the order of the interpartile dis-
tane 1/ρ0. Therefore, introduing two impurities with a
separation r ≫ 1/ρ0 leaves the lassial ground state en-
ergy unhanged. However, in the ase of bosons, the heal-
ing length is muh larger than the interpartile spaing,
diverging like ξ ∼ K/ρ0 for weak interations γB → 0.
The ondition r ≫ ξ for negleting the ontribution of
the lassial ground state energy in the alulation of the
renormalized interation energy between impurities V12
thus beomes inreasingly restritive for small γB . As we
will see, this leaves us only with an exponentially small
interation, quite in ontrast to the ase of fermions.
B. Weak impurities and weakly interating bosons
In the ase of a weakly interating Bose gas γB ≪ 1
(orresponding to high densities) the Bogoliubov ap-
proah is quantitatively appliable, as was shown long
ago by Lieb and Liniger [32℄. The physial reason for
that is, that the healing length ξ ≈ 1/ρ0√γB in this limit
is muh larger than the average interpartile spaing.
The situation is therefore essentially equivalent to the
weak oupling limit of a 3D Bose-Einstein ondensate at
low densities, where interations between two impurities
have reently been disussed by Klein and Fleishhauer
[34℄ (the interation energy V12 is alled the onditional
energy shift and denoted by ∆ in this work). The ex-
pliit alulation is based on the Bogoliubov approah
and assumes that the dimensionless impurity strength
γ ≡ mg/πρ0 is muh smaller than one. Adapting the
alulation of Ref. [34℄ to a one-dimensional gas, we ob-
tain
V12(γ, r) ≈ −γ2ρ0ξ π
2ρ20
m
exp (−2r/ξ) (57)
to lowest order in γ. The interation energy between
widely separated impurities in a weakly interating Bose
gas thus vanishes exponentially on the sale set by the
healing length ξ. As disussed above, this alulation as-
sumes that the impurities modify the density prole only
loally, whih is also the physial reason for the vanishing
interation at r ≫ ξ.
The preeding result an again be qualitatively under-
stood with the help of the saling theory of Kane and
Fisher [9℄ for a single weak impurity in a LL. Indeed,
when K > 1, the eetive oupling of a single impurity
is renormalized to zero in the low-energy limit. The RG
ow thus starts at high-energy ωc = u/a ∼ µ (orre-
sponding to a short distane uto a ∼ ξ) and ends at
a muh lower energy ωr = u/r whih is set by the sep-
aration r of the two impurities. Similar to the ase of
fermions, we dene a rossover sale r0 by the ondition
that the eetive dimensionless impurity strength at this
sale is of order one:
γeff ≈ γ(a/r)K−1 ∼ 1⇔ r0 ≈ ξγ1/(K−1) . ξ . (58)
Sine γ ≪ 1 for weak impurities and K = π/√γB → ∞
due to the weak interation ondition, we nd r0 ≈ ξ.
This onrms that there is no interation between two
weak impurities embedded in a weakly interating Bose
gas when they are further apart than a distane of the
order of the healing length. More generally, the saling
theory indiates that there is no long range interation
between weak impurities even in a strongly interating
Bose gas, in whih K & 1. Of ourse the limiting ase
K = 1 of hard-ore bosons is speial as is the aseK =∞
of no interation at all. The latter ase is treated in
Appendix C and shows, that there is no interation be-
tween the impurities whatever the impurity strength. In
strong ontrast to that, the limit of a Tonks-Girardeau
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gas of hard-ore bosons is equivalent to the ase of non-
interating fermions for properties depending only on the
modulus of the ground state wavefuntion like the density
distribution. On the basis of the alulations in setion
IIA, one thus expets a long-range interation of the form
(17) between impurities in a Tonks-Girardeau gas whih
exhibits Friedel-like osillations. In view of the fat that
the momentum distribution of hard-ore bosons is quite
dierent from that of a free Fermi gas, showing no jump
at pF , this is a quite remarkable result [35℄. Another
singular limit, where long-range interations appear in a
Bose liquid is that of impenetrable impurities γ = ∞.
For arbitrary values ∞ > K > 1 of the interations, the
interating Bose liquid is then ut in three disonneted
piees. The impurities thus at as perfet mirrors for the
low energy phonon exitations of the intervening Bose
liquid, giving rise to a Casimir interation energy pre-
isely as in Eq. (36) for spinless fermions. It appears,
however, that the limit of impenetrable impurities at ar-
bitrary energies is nonphysial, imposing strit Dirihlet
boundary onditions on a salar eld [23℄. The Casimir
fore is thus expeted to be restrited to γ =∞, while for
any nite γ only short range interations should survive.
Desribing these rossovers in detail, learly requires a
quantitative theory of impurity interations in 1D Bose
liquids at arbitrary values of K and γ, an interesting
problem for further study.
IV. EXPERIMENTAL REALIZATION AND
DETECTION OF THE CASIMIR-LIKE FORCE
The reent realization of one-dimensional ultraold
Fermi gases in a strong 2D optial lattie [4℄ provides
a novel opportunity to study Luttinger liquid eets in a
setup with old gases, e.g. spin-harge separation [36℄. In
order to study whether the Casimir interations disussed
here might be observed in these systems, we onsider an
atomi gas of fermions in two hyperne states. These
two internal states play the role of (iso)spin 1/2 states.
In priniple both the sign and the strength of the inter-
ation an be ontrolled using sattering resonanes, e.g.
a onnement indued resonane as shown by Olshanii
[37℄. For simpliity, we assume that the two spin states
are equally populated N↑ = N↓ = N/2. We note that
in order to have K < 1, one needs to onsider a two-
omponent atomi Fermi gas. Indeed, in a single ompo-
nent Fermi gas, Pauli's priniple forbids s-wave ollisions
implying that K = 1 for spinless fermions interating via
a ontat potential.
Following several reent ideas [5, 34, 38℄ whih involve
trapping single atoms in ultraold gases, we onsider an
atomi quantum dot (AQD) like onguration, whih
onsists of single atoms onned in a tight trap reated
either magnetially or optially, e.g. by an additional
optial lattie. We assume that the onning potential
an be adjusted in suh a way, that it does not aet the
atoms of the bath. The impurity atom, whih is trapped
Figure 1: Shemati setup of 2 AQDs oupled to a 1D atomi
reservoir. The impurity atoms (see text) in tightly onning
potential interat with the bath when their internal level is
|a >. Here δ is the renormalized detuning and Ω is the Rabi
frequeny oming from a laser indued oupling, see setion
V.
in a ertain internal state |a〉 interats with the atoms of
the bath through s-wave ollisions. In the ase where two
suh AQDs are embedded in the bath and both impurity
atoms are in state |a〉, the system preisely realizes the
situation of two loalized impurities interating via a 1D
quantum liquid. Provided the liquid onsists of spin-1/2
repulsive fermions, we expet that for distane r muh
larger than the average interpartile spaing, the inter-
ation is of the Casimir form given in Eq. (51). In prini-
ple, using a sattering resonane may allow to reah the
strong impurity regime γ˜ ≫ 1 where the rossover sale
r0 is even smaller than the inter-partile distane 1/ρ0.
A possible way to detet the interation energy V12(r),
is to do spetrosopy of a single trapped atom as a fun-
tion of the distane r to a neighboring trapped atom. In
addition to the mean eld line shifts modifying the inter-
nal levels of the impurity atom, the Casimir interation
produes a line shift depending on distane as 1/r. For a
quantitative estimate of this eet, we ompute the en-
ergy (51) for the experimental situation realized in Ref.
[4℄. There, about N ∼ 100 40K atoms (per tube) form
an atomi wire of length L ∼ 10 µm. The temperature
an be as low as T ∼ 50 nK, whih is about one tenth
of the Fermi temperature. The Fermi veloity is of or-
der vF ∼ 2.10−2 m/s and we take uσ + uρ ∼ 2vF . As
the tube length is of the order of 10 µm and the inter-
partile distane 1/ρ0 ∼ 0.1 µm, we assume the inter-
impurity distane to be r ∼ 1 µm, whih is larger than
the rossover length for strong impurities. This gives a
Casimir-related line shift of the order of 1 kHz, whih is
in an experimentally aessible range. With the param-
eters given above, the harateristi frequeny ωr is of
the order of ∼ 3T , whih is not muh larger than T as
required for the validity of the zero temperature limit in
whih the Casimir fore is obtained.
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V. CONCLUSION
In onlusion, we studied the long-range interation be-
tween two impurities mediated by the 1D quantum liquid
in whih they are embedded. We found that for repulsive
fermions, the impurities interat via a RKKY-like inter-
ation at intermediate distanes and via a Casimir-like
fore at large distanes. The rossover sale separating
these two regimes depends on the strength of the im-
purities and on the interations between fermions. We
proposed an experimental realization of suh a system
with atomi quantum dots in an ultra-old atomi gas
and suggested a way to detet the Casimir-type intera-
tion by spetrosopy of a single atom in an AQD.
An issue whih is still open is to understand the inter-
ation between impurities in a strongly interating Bose
liquid. In partiular, how does the short-range inter-
ation (on the sale of the healing length) turn into a
long-range interations featuring Friedel osillations in
the Tonks-Girardeau limit? Another issue is to assess
the validity of the self-onsistent harmoni approxima-
tion (SCHA) used to disuss spin 1/2 fermions in setion
II C. Indeed, it is not obvious that the variational ansatz,
whih assumes deoupling of the harge and spin modes
in presene of the impurities, is a valid starting point.
In this paper, we studied stati impurities. The situ-
ation beomes even more interesting if one has dynami
impurities, as in an AQD. First, we disuss the possibility
of internal dynamis for the AQD. We have seen that the
harateristi frequenies of vauum modes (exitations)
responsible for the long-range interations between AQDs
are limited by ωr. This means that the eetive intera-
tion potential between stati impurities an be used (in
an adiabati approximation) for time-dependent impu-
rity strengths γ˜α(t) provided that the interation prop-
erties hange slowly ompared with the time sale ω−1r .
Consider, for instane, the onguration with two AQDs
desribed previously, see Figure 1 (a similar sheme for
two impurities in a 3D Bose-Einstein ondensate is dis-
ussed in Ref. [34℄). The two-level impurity atoms an
be desribed as isospins 1/2 or qubits. A laser an drive
transitions (equivalent to single-qubit gate) between the
two internal levels |a〉 and |b〉. In the adiabati approx-
imation, the AQD variables are slow and an be taken
out of the integrals so that our previous treatment to
alulate the interation between two impurities applies.
Thus one an easily write an eetive Hamiltonian for
the 2 AQDs in the form
Heff =
∑
α=1,2
(
− δ
2
σ(α)z +Ωσ
(α)
x
)
+
1
2
V12(σ
(1)
z + 1)(σ
(2)
z + 1) , (59)
where δ is the (renormalized) detuning, Ω is the (ee-
tive) Rabi frequeny oming from the laser indued ou-
pling [5℄ and σ
(α)
x , σ
(α)
y , σ
(α)
z are the Pauli matries de-
sribing the isospin 1/2 of eah AQD α = 1, 2. The long-
range potential V12 depends, as we have seen, strongly
on the harateristis of the bath and on the distane
between the AQDs. In addition, the ase of impurities
with internal dynamis embedded in a spin 1/2 fermioni
liquid is of ourse also relevant for disussing the RKKY
interation in Luttinger liquids, as disussed perturba-
tively in [39℄.
It is also possible to imagine external motion or dy-
namis for the impurities. The argument of adiabatiity
also holds in the ase where the distane between the
impurities hanges suiently slowly. This means that
the Casimir-like interation ould be used, for example,
to reate long range attrative fores in mixtures of 1D
fermioni gases. However, when the external dynamis of
the impurities are taken into aount on the same foot-
ing as the bath dynamis other eets ould redue, if
not wash out, the Casimir fore [40℄.
Aknowledgments
This work was started in ollaboration with Piotr
Fedihev, whose substantial ontributions to the ideas
presented here are gratefully aknowledged. It is a plea-
sure also to thank Prof. Alan Luther for helpful re-
marks on his unpublished work and Mauro Antezza, Ia-
opo Carusotto, Peter Kopietz, Walter Metzner, Inès Sa
and Peter Zoller for useful disussions. Laboratoire de
Physique des Solides is a mixed researh unit (UMR
8502) of the CNRS and the Université Paris-Sud 11 in
Orsay. A.R. has been also supported by the European
Commission through ontrat IST-2001-38863 (ACQP).
Appendix A: RPA FOR WEAK IMPURITIES IN
AN IDEAL FERMI GAS
In this appendix, we give another derivation of the
weak oupling result (18) using the random phase ap-
proximation (RPA). The interation between the two im-
purities may be written as the sum of two ontributions:
a diret interation (whih is zero in the present ase
due to the short range nature of the impurities), and an
indiret interation indued via the polarization of the
medium. The polarization operator in the Fourier rep-
resentation Π(ωn, q) has a singularity at q = 2pF , whih
leads to the appearane of the long range fore. Spei-
ally, we alulate the interation energy of the two im-
purities using the RPA, whih works well whenever only
states with very few partile-hole pairs are exited by the
perturbation, i.e. in the limit γα ≪ 1. For an ideal (spin-
less) Fermi gas the RPA Lagrangian an be represented
as (T = 0 and here we use the real time formalism from
the start):
SRPA =
1
2
∫
dt
∑
k
∑
p
(φ˙†pkφ˙pk − ω2pkφ†pkφpk), (A1)
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where ρk =
∑
p(2ωpk)
1/2φpk is the RPA expression for
the fermion density, ωpk = (p + k)
2/2m − p2/2m is the
energy of the eletron-hole pair, and the summation over
the momentum p is limited by the onditions: |p| < pF
and |p+ k| > pF . The interation of the AQDs with the
liquid an be written as
SRPAi =
1
2
∑
pk
(2ωpk)
1/2(φpkVk + φ
†
pkV−k), (A2)
where Vk = g1 + g2 exp(ikr). The total RPA ation
SRPA+SRPAi is quadrati, and hene the elds φpk an be
integrated out, so that the eetive interation between
the impurities is given by V12 = − 12
∑
k |Vk|2Π(ω = 0, k),
where the polarization operator is:
Π(0, k) = − 2
π
∫ pF
−pF
dp
1
2pk + k2
= − 1
πk
log
∣∣∣∣k + 2pFk − 2pF
∣∣∣∣ .
(A3)
Substituting Vk, performing the integration by trans-
forming the integral along the real k axis into the inte-
grals along the branh ut orresponding to the singular-
ity of the log-funtion, and removing the self energies of
the separated impurities (renormalizing the interation),
we nd
V12 = −γ1γ2 vF
2πr
cos(2pF r) , (A4)
in agreement with Eq. (18).
Appendix B: COULOMB BLOCKADE AND
RESONANT TUNNELING
The present paper disusses the interation energy be-
tween two impurities in an atomi quantum wire (i.e.,
a 1D quantum liquid made of atoms). In this appendix,
we wish to make ontat with related subjets in the eld
of mesosopi ondutors (or solid-state quantum wires):
namely Coulomb blokade and resonant tunneling of ele-
trons in a quantum wire with two tunnel juntions or
barriers (see, e.g., [9, 10, 26℄). For simpliity, we only
onsider the ase of spinless fermions.
We rst onsider an atomi quantum wire with
two impurities. When the impurities are strong
(or very far apart), the atomi quantum wire is
ut in three disonneted piees and we may piture
the low energy behavior of the system as the fol-
lowing struture: left wire/impurity/island(or entral
wire)/impurity/right wire. The Casimir eet ourring
in this system is diretly related to the energy ost of
transferring a supplementary partile from one of the
wires to the island. In our ase (neutral atoms inter-
ating via a short-range potential), this energy ost is a
nite size energy [41℄ equal to:
πvF /2K
2r . (B1)
With the help of the approximate relation K−2 ≈ 1 +
gf/πvF [9℄, this energy ost an be seen as the sum of
two ontributions: a kineti energy ost πvF /2r and an
interation energy ost, resulting from the loal intera-
tion with the other partiles on the island, gf/2r, where
gf is the forward sattering oupling onstant (in the
standard notation of the g-ology, gf = g2 = g4, see [19℄,
e.g.). Note that the nite size energy is of the order of
the zero-point kineti energy of a phonon on the island
πvF /2Kr.
In the ase of eletrons in a solid-state quantum wire
with two tunnel juntions (orresponding to the stru-
ture: left eletrode/barrier/island/barrier/right ele-
trode), the Coulomb blokade is due to the energy ost
of transferring a single eletron from an eletrode to the
island [9, 26℄. However, this energy ost is not only
due to the nite size energy πvF /2K
2r (with K−2 ≈
1 + e2/ǫπvF , where e is the eletron harge and ǫ is an
appropriate dieletri onstant) but also gets an addi-
tional ontribution from the harging energy e2/2C of
the apaitors (i.e. the two tunnel juntions), where C is
the sum of the apaitane of eah tunnel juntion [26℄.
The total energy ost is equal to πvF /2K
2r+e2/2C. The
harging energy is due to the long-range part of the in-
teration between eletrons and therefore does not arise
in the ase of old atoms interating via a short-range
potential.
Another subjet of omparison between the atomi
quantum wire and the solid-state quantum wire is the
possibility of tunneling resonanes aross the double bar-
rier struture [9, 26℄ (see [19℄ for review). Indeed,
in an atomi quantum wire with two impurities, when
cos(pF r) = 0 [9, 26℄ a tunneling resonane our: the
energy ost to add a partile on the island vanishes and
partiles an therefore tunnel trough the impurities. The
liquid is no more ut into disonneted piees and we
do not expet a Casimir eet to our. Tunneling res-
onanes do not appear in our alulations beause they
are not aptured by the self-onsistent harmoni approx-
imation we used, as disussed in Ref. [25℄ for example.
However suh resonanes are innitely sharp at zero tem-
perature [9, 26℄ and therefore they do not play a major
role and should be easy to avoid experimentally.
Appendix C: IMPURITIES IN AN IDEAL BOSE
GAS
The ideal Bose gas (γB = 0) is a singular ase: the
healing length ξ diverges and boundaries are therefore
felt over marosopi distanes. Here using quantum hy-
drodynamis makes no sense, but of ourse one an ex-
atly solve the problem from rst priniples (Shrödinger
equation). At zero temperature, all bosons are in the
same single-partile wavefuntion ψ0 (the orresponding
many-body wavefuntion is just a produt or Hartree
state), whih is the ground state of the single-partile
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Shrödinger equation
− 1
2m
∂2xψ0(x)+g[δ(x−r/2)+δ(x+r/2)]ψ0(x) = ǫ0ψ0(x),
(C1)
where g is the impurity oupling onstant. We assume
that the partiles are on a ring of length L. The ground
state energy E0 for N bosons is given by Nǫ0. For g ≥ 0,
it is bounded as follows
ǫ0(g = 0, r) ≤ ǫ0(g, r) ≤ ǫ0(g =∞, r), (C2)
whih is a diret onsequene of the Shrödinger equa-
tion. In the following we will show that both bounds
are going to zero in the thermodynami limit, implying
that E0(g, r) = 0 for all g ≥ 0. Therefore, the intera-
tion energy V12(g, r) ≡ E0(g, r)−E0(g, r →∞) vanishes
whatever the distane between the impurities.
On the one hand, when the impurity strength is zero
g = 0, the ground state of the single-partile Shrödinger
equation with periodi boundary onditions is just the
onstant wavefuntion, whih has zero energy ǫ0(r, g =
0) = 0. On the other hand, when g = ∞, the wave-
funtion has to vanish on the loation of the impurities,
implying some bending of the wavefuntion and a orre-
sponding ost in kineti energy. The ground state wave-
funtion is
ψ0(x) = ψm sin
(
π(|x| − r/2)
L− r
)
if |x| > r/2
= 0 if |x| ≤ r/2 (C3)
where ψm ≡ ψ0(x = ±L/2) is the maximum value of the
wavefuntion and the energy is:
ǫ0(g =∞, r) = 1
2m
(
π
L− r
)2
(C4)
This quantity vanishes in the thermodynami limit (L→
∞ at xed density ρ0 = N/L) suh that L ≫ r. There-
fore ǫ0(g =∞, r) = 0 in the thermodynami limit, for all
r suh that r ≪ L. Of ourse, this onlusion does not
hold for an ideal Fermi gas, beause fermions have to o-
upy dierent single-partile states (following the Pauli
priniple) and therefore the average energy per partile
does not vanish in the thermodynami limit.
In onlusion, there is no interation energy between
two impurities in an ideal Bose gas, provided that the
distane r is muh smaller than the ring size L, whih is
always satised in the thermodynami limit.
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